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Heat equation for (x,t) € @ :=(0,1) x (0, T)

aur(x,t) — u(x,t) =0,

Solution

Uniform/adaptive piecewise linear finite element interpolation in @

u(0,t) = u(1,t) =0,

u(x,t) = Z uge” KVt gin krx,
k=1

1
Ug = 2/ uo(x) sin kmx dx
0

level nodes |[u—lhull;2(q) eoc
3 153 2.929 -2
4 561 1.081 -2 1.44
5 2145 2.750 -3 1.97
6 8385 6.870 —4 2.00
7 33153 1.718 -4 2.00
15 9645 1.973 -4

u(x,0) = wp(x)
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Solution of the heat equation and normal derivatives at boundary nodes.

Solution of the wave equation and normal derivatives at boundary nodes.
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Dirichlet boundary value problem

adu(x, t) — Acu(x,t) = f(x,t) for(x,t) € Q:=Qx(0,T),
u(x,t) = g(x,t) for(x,t)e X :=Tx(0,T),
u(x,0) = wup(x) forxeQ.

Compatibility condition: g(x,0) = up(x) for x € T
Variational formulation

Find u € L2(0, T; HY(Q)) N HY(0, T, H71(Q)), u(x, t) = g(x, t) for x €T,
t€(0,T), u(x,0) = up(x) for x € Q, such that

T
/ / [aatu(x, t)v(x, t) + Vyu(x, t) - V,v(x, t)} dx dt
0o Ja

_ /0 ! /Q F(x, £)v(x, t) dx dt

is satisfied for all v € L2(0, T; H3(Q2)).

Bl O Steinbach Ostrava, 28.4.2017
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Bilinear form
T
ag(u,v) = / / [ac’?tu(x, t)v(x, t) + Viu(x, t) - Vev(x, t)| dx dt
o Ja

Consider u, € L%(0, T; HY(Q)) N HY(0, T; H71(Q)) satisfying

up(x,t) =g(x,t) forxel, te(0,T), up(x,0)=u(x) forxeQ

Primal Formulation: Find @ € L(0, T; H3(2)) N Hg (0, T; H~1(2)) such that
ag(t+ up,v) = (f,v)q
is satisfied for all v € L2(0, T; H3(Q)).

Galerkin—Petrov variational formulation;
unique solvability based on inf-sup stability condition
[Schwab, Stevenson 2009; Urban, Patera 2014; Andreev 2013; Mollet 2014; OS 2015]
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For u € L2(0, T; HX(Q)) n HX(0, T; H=}(Q)) find w € L2(0, T; H}(Q2)) such
that

—Aw(x,t) = adiu(x,t) — Acu(x,t) inQ@=Qx(0,T),
w(x,t) = 0 onX=Tx(0,T).

Find w € L2(0, T; H}(Q)) such that
T
/ / Viw(x, t) - Vyv(x, t) dx dt = aq(u, v)
o Jo
is satisfied for all v € L2(0, T; H}(Q))
Lemma

|aDeu — AXU”i?(QT;H—l(Q)) = ||WHi2(07T;Hé(Q)) = ag(u, w)

Bl O Steinbach Ostrava, 28.4.2017
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Theorem: For u € L2(0, T; H3(R2)) N Hy (0, T; H~*(Q)) we have

aqlu, v
||oz8tu - AXUHLZ(O,T;H—l(Q)) < sup L
0£vEL2(0, T;HE(Q)) ||V||L2(o,T;H01(Q))

Lemma: Norm equivalence for u € L2(0, T; H3(2)) N Hg (0, T; H~1(Q))

ladeu — Al Fao, 741-1(2)) == el Fago, 7i-1(0y) + ”uHiZ(O,T;Hg(Q))

Finite element discretization schemes

> space—time tensor product wavelets
[Schwab, Stevenson 2009; Urban, Patera 2014;
Andreev 2013; Mollet 2014]

» Space—time DG FEM [Neumiiller 2013]
» Space—-time FEM [0S 2015]
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Dual variational formulation
Find u € L2(0, T; HY(Q)), u(x,t) = g(x,t) for x € T, t € (0, T), such that

T
/ / [ — u(x, t)adev(x, t) + Viu(x, t) - Viv(x, t)} dx dt
o Ja
-
= / / f(x, t)v(x,t) dx dt + / aug(x)v(x,0) dx
o Jo Q
is satisfied for all v € L2(0, T; H3()) N HL(0, T; H~1(Q)).

Theorem: For u € L2(0, T; H3(S2)) we have

1 aq(u,v)
NG ull 20, 7:12(0)) < sup 5
2 0#£veL2(0, T;H3 (Q))NHY (0, T;H-1(Q)) ”VHLZ(O,T;Hé(Q))ﬁH}O(O,T;H—l(Q))
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Dirichlet boundary value problem

adru(x, t) — Acu(x,t) = f(x,t) for(x,t) € Q:=Qx(0,T),
u(x,t) = 0 for (x,t) e X :=T x (0, T),
u(x,0) = 0 for x € Q.

Primal variational formulation
L: %0, T; Hy () N Hy (0, T; HH()) — [L2(0, T; Hy ()]
Dual variational formulation
L: 120, T; Hy(Q)) — [L2(0, T; Hy(Q)) N HG(0, T; HH(Q))I
Interpolation, 6 € [0, 1] [Lions, Magenes 1972]
L [L2(0, T: Hy(Q)) N Hg (0, T H7H(Q)), L2(0, T: Hy ()l
= [[L2(0, T; Hg ()], [L%(0, T: Ho () N H(0, T HH())] e

= [L2(0, T3 Hp(Q)) N Hy (0, T: H7(R)), L(0, T Hg ()] -

1 3 }
0=5  LiHHQ =K QY

Bl O Steinbach Ostrava, 28.4.2017
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Dirichlet trace operator [Lions, Magenes 1972]
11 11
Y : H"2(Q) = Hz'3(X)

Analysis of boundary integral operators
» D. N. Arnold, P. J. Noon 1987, 1989; P. J. Noon 1988
» G. C. Hsiao, J. Saranen 1989, 1993
» M. Costabel 1990

> ..

+ ellipticity of single layer boundary integral operator
V:H 3 i(X) = H>i(X)

+ standard analysis of discretization schemes
7 results are based on interpolation between primal and dual formulation
? link to Green's formula not obvious

7 coupling of finite and boundary element methods

Bl O Steinbach Ostrava, 28.4.2017
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Dirichlet boundary value problem

adru(x, t) — Axu(x,t) = 0 for (x,t) € Q:=Q x (0, T),
u(x,t) = g(x,t) for(x,t)e X:=Tx(0,T),
u(x,0) = wup(x) forxe Q.

Representation formula for x € Q and t € (0, T)
1 T

u(x,t) = = / / U'(x —y,t —5)0n,u(y,s)ds,ds
@ Jo Jr

1 T
—a/ /8nyU*(x—y,t—s)g(y,s) dsyds—l—/ U*(x — y, t)uo(y) dy
o Jr Q

Fundamental solution

a "2 alx — y[?
_— exp | ————~ fors € [0, t),
Uf(x—y,t—s) = (47T(t5)> ( 4t —s) ) [0,1)
0 for s > t.
Bl O Steinbach Ostrava, 28.4.2017
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Single layer potential

B T
(Vw)(x,t) = é/o /r U'(x —y,t —5)0n,u(y,s) ds,ds

Duality _
<VW7 ’(/}>Q = <W7 90>Z
Adjoint problem

—adsp(y,s) — Dyp(y,s) = ¥(y,s) fory e Q,s€(0,T),
ey, T) = 0 fory € Q

Primal formulation: ¢ € L2(0, T; H'(Q)) N H(0, T; H-1(RQ))
T
| [ [ ateetv,9060.9) + Vyoly.) - ¥,00.9)|dy s
o Ja

;
:/ /w(y7s)¢(y,s)dyds for all ¢ € L%(0, T; H3(Q))
0 Q

Single layer potential
V : [yL%(0, T; HY(Q)) N H5(0, T; HTH(Q))] — L3(0, T; HY(Q))

Bl O Steinbach Ostrava, 28.4.2017
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Dual formulation: ¢ € L2(0, T; HY(R))

-
/o /Q[gpa85¢(y,s)+vy<,o(y,s)-Vy¢(y,s) dy ds

N
- / / by, $)o(y,s)dyds ¢ € 12(0, T; HA(RQ)) N HL.(0, T H-1(Q))
0 Q
Single layer potential
VL0, T; HY2(T)) — L2(0, T; HY(Q)) N HE.(0, T; H7X(Q))
Corollary

V1 120, T HY2(M)) — Vi == 70[L3(0, T; HY(Q)) N H3 (0, T; H1(Q))]

Bl O Steinbach Ostrava, 28.4.2017
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Single layer potential

V20, T; H7Y2(M)) — L2(0, T; HY(Q)) N HE (0, T; H71())

Green's formula for u = Vw:

T
/ /anu(x, t) v(x, t) dscdt = aq(u, v)
o Jr
Lemma

||8nu||L2(O,T;H*1/2(r)) <g H“HL2(o,T;Hl(Q))mHl(o,T;Ff—l(Q))

Bl O Steinbach Ostrava, 28.4.2017
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Proof of stability: [Nedelec, Planchard 1973; Hsiao, Wendland 1977; Costabel 1990]

T T
/ /qu-vadxdt—i—a/ /atuvdxdt
o Ja o Ja
T T
:/ /8nuvdsxdt+/ /[a@tu—Axu]vdxdt
o Jr o Ja

Foru=Vw, ur=VWw, 8u=(%l+K')w we obtain

1
ag(u,v) = <(5/ + Kw, v)s
Correspondingly,
1
aQ‘(uv V) = _<(_§/ + K/)Wa V>Z

Hence,
aQ(”: V) + aQ“(”) V) = <Wa V>Z

In particular for v = u this finally gives

(w, Viw)s :/OT/nqu|2dxdt+§/Rn[u(T)]2dx

Bl O Steinbach Ostrava, 28.4.2017
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Alternatively, for u = VW, ur=Vw, Oyu= (%I + K')w we may define

and consider

Hence,

(w, Vw)y

—A,z =cydeu inRNT,

v=u+z=u+ Nou,

Y

>

vir = ur = Vw

Z‘rZO

aq(u, u+ NOu) + age(u, u + NOu)

1

§(||U||f2(o,T;H1(Q)) + Hat”“iz(o,T;ﬁfl(Q))

+||u||i2(0,T;H1(QC)) + ||6tu||i2(ovr;;,71(ﬂc))>

ClvHW”%z(o,T;H—l/z(r))

Lemma: For w € [2(0, T; H=/2(I))

Cs HW”LZ(O,T;H*UZ(F)) < sup

0£pE VL

<VW7 ¢>Z
161l vy

Bl O Steinbach
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Boundary element mesh

N
Y = Uab wf(xa t):

Example

a = 100,

£=1

up(x) =sinmx for x € (0,1),

0 else

{ 1 for (x, t) € oy,

L Neew lter |lw — wplli20,1)  eoc
0 4 2 1.689 -1

1 8 4 8.304 -2 1.024
2 16 8 4.113 -2 1.014
3 32 16 2.047 -2 1.007
4 64 27 1.021 -2 1.004
5 128 35 5.100 -3 1.001
6 256 42 2.550 -3 1.000
7 512 50 1.275 -3 1.000
8 1024 59 6.384 -4 0.998
9 2048 68 3.201 -4 0.996

g(O,t) :g(l,t) =0
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Representation formula (g = 0)

u(x, t) / /u* (x—y.t — s)w (y,s)dsyds+/ U (x — y, t)uo(y) dy

Approximate representation formula

- 17 .
u(x,t) = a/ /U*(x —y,t —s)wy(y,s) ds,ds +/ U*(x — y, t)uo(y) dy
o Jr Q
Define piecewise linear finite element interpolation
up = lhu

Local error indicators
Mk = |[u = Intl| 12(q,)

Adaptive finite element—boundary element solution [0S 1999]

Bl O Steinbach Ostrava, 28.4.2017
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Representation formula (g = 0)

1 T

u(x, t) = o / / U'(x —y,t —s)w(y,s) ds,ds + / U*(x — y, t)uo(y) dy

o Jr Q
Normal derivative on X
N 1 1 /7 .
W(Xv t) = 7Wh(Xa t)+* Wh(sz)anxU (X_)/at_s) dSde

2 aJo Jr

+/ On U (x — y, t)up(y)dy
Q
Error equation Laplace: [H. Schulz, OS 2000]
1 , ~
(ElfK)(wah):wah onX

Error indicator
en(x,t) = w(x, t) — wp(x, t)

Bl O Steinbach Ostrava, 28.4.2017
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L NBEM || W — WhHLz(O,T) €eoc NFEM MFEM ||U — Eh HLZ(Q) €eocC
uniform refinement

0 4 1.016 -0 4 6 2.404 -1

1 8 4.895 -1 1.054 16 15 2.130 -1 0.175
2 16 3.705 -1 0.402 64 45 1.558 -1 0.451
3 32 3.176 -1 0.222 256 153 2.932 -2 2.410
4 64 2.282 -1 0.477 1024 561 1.084 -2 1.436
5 128 1.468 -1 0.636 4096 2145 2.777 -3 1.965
6 256 8.836 -2 0.812 16384 8385 7.175 -4 1.952
adaptive refinement

13 266 8.298 -3 5017 2573 7.786 -4

Bl O Steinbach Ostrava, 28.4.2017
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Calderon projection

u B %IfK 4 u
Onu | D i+K Opu

VL>:1/—K2
4

Identity

Operator preconditioning [0S, W. Wendland 1998]
Example: Q =(0,1), T =1,g = 0, up(x) = sin 2wx

L N C'=1 C,'=M"V,M,"*
4 32 16 14
5 64 31 13
6 128 41 13
7 256 50 12
8 512 59 12
9 1024 70 11
10 2048 82 11
11 4096 96 10
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Example: Q = B;/5(0), T =1 [K. Niino]

Calderor's precondiioning -
Praconditioning wih diagansl matriz
Mo procencitioning

Bl T T T T

Treration Numbers
@
s

St -
BRI LA
e I
%‘%%‘ﬁa?%%“‘ Lj ° 0 U‘ 1 0.2 0'3 0'4 0‘5 0'5 aTF
SN NMiximum Mesh Siac
Bl O Steinbach Ostrava, 28.4.2017
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Transmission problem

adeui(x, t) — divg[A(x, t)Vxui(x,t)] = f(x,t) for(x,t) € Qx(0,T),
adrte(x,t) — Aue(x) = 0 for (x, t) € Q¢ x (0, T),
ui(x,0) = wu(x) forx e Q,
ue(x,0) = 0 for x € Q°.

Transmission conditions for (x,t) € I x (0, T):

0
ui(x, t) = ue(x,t), nx- Alx, t)Vyui(x, t) = a—nue(x, t)
Radiation condition as |x| — oo, t € (0, T).
Non-symmetric BEM/FEM (Johnson—Nedelec) coupling
Bl O Steinbach Ostrava, 28.4.2017
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Variational problem
Find u; € L2(O T: HY(Q)) N HY(0, T, H~(Q)), ui(x,0) = up(x) for x € Q,
and w € [L3(0, T; HY/2(I"))]’ such that

a /OT /Q Orui(x, t)v(x, t) dxdt + /OT /Q[A(X, t)Vyui(x, t)] - Vev(x, t) dxdt

_/oT/rW(X’ t)v(x, t) dscdt = /OT/Qf(x, t)v(x, t) dxdt

is satisfied for all v € L2(0, T; H*(Q)), and for (x,t) € [ x (0, T):
1 /7
— / / U'(x —y,t —s)w(y,s)ds,ds
@Jo Jr

—|— u, X, t) — / /8TU* (x —y,t—s)ui(y,s)ds,ds, =0
y

Stability in the elliptic case: [Sayas 2009, 2013; OS 2011; G. Of, OS 2013]
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Numerical example [S. Dohr 2015]

1 .
0=2, T=1 uwx)=1{ <(2X — 1)2> sinmx  forx € (0,1),

else

i — i nlli2(Q)

€0cC

~No o b WwNROoOIr

1.003
1.902
1.915
1.951
1.974
1.978
1.983
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Wave equation [M. Zank, OS 2016]

3
Fig. 1: Smooth Dirichlet datum g = (gu, gr) 7 for

Fig. 2: Non-smooth Dirichlet datum g = (go, g2 )7 for

L=3andT =6. L=3udT=6
. . T T T T T
pUINS
1 4
= 1L
a
«  01F E
.
£ 01f
001 3 —#— uniform
001 Ef 4—4 = 005
0.001 £ = uniform 4 —— =05
—+— adaptive o H—
— N --- N-12
" T " . L T " L L
1 10 100 1000 10,000 1 i} 100 1,000 10,000

degrees of froedom N

Fig. 4 L2(E) error for adaptive refinements for a smooth solution

degrees of freedom N

Fig. 5: L*(%) eror for adaptive refinements for a non-smooth salution.

Fig. 3: Adaptive mesh for
non-smooth solution.
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Conclusions

>

vV v v v v Yy

space—time finite and boundary element methods
arbitrary space—time meshes, no time stepping schemes
adapativity in space and time simultaneously

a posteriori error estimators

parallel iterative solvers and preconditioners
Fast BEM
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